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ABSTRACT. We prove an upper estimate of spectral radius for
(non-linear) transition operator $P$ over $L^{p}$-maps in the frame-
work of symmetric Markov chains on a Polish space with posi-
tive lower bound of $n$-step coarse Ricci curvatures. The target
space is a complete separable 2-uniformly convex space with some
geometric conditions including the case of CAT(0)-spaces. As con-
sequences, strong $L^{p}$-Liouville property for $P$-harmonic maps, a
global Poincar\’e inequality (spectral gaps) for energy functional
over $L^{2}$-maps (or functions), and spectral bounds of $L^{2}$-generator
of Markov chains are presented.
1.
$(E, d)$ ( ) $\mathbb{N}_{0}:=\mathbb{N}\cup\{0\}$
$\mathcal{P}^{p}(E)$ $(E, d)$ $P$-
$X=$ $(\Omega, X_{k}, \theta_{k}, , \mathcal{F}_{\infty}, P_{x})_{x\in E}$ $(E, d)$
$P(x, dy)$ $P_{x}(dy)$ : $P(x, dy)$ $:=$
$P_{x}(X_{1}\in dy),$ $x\in E.$ $X$
(Pl) for each $x\in E,$ $\mathcal{B}(E)\ni A\mapsto P(x, A)$ is a probability measure
on $(E, \mathcal{B}(E))$ .
(P2) for each $A\in \mathcal{B}(E),$ $E\ni x\mapsto P(x, A)$ is $\mathcal{B}(E)$ -measurable.
X
$P(x, dy)=P_{x}(X_{1}\in dy),$ $x\in E$
$E$ $\mathcal{B}(E)$ - $f$
$n\in \mathbb{N}$ $Pf(x)$ $:= \int_{X}f(y)P(x, dy)=E_{x}[f(X_{1})],$ $P^{n}f(x)$ $:=$
$P(P^{n-1}f)(x)$ $P^{n}f(x)=E_{x}[f(X_{n})]$ $(E, \mathcal{B}(E))$
$v$ $n\in \mathbb{N}$ $vP^{n}$ $vP^{n}(A)$ $:=\langle v,$ $P^{n}1_{A}\rangle:=$
$\int_{E}P^{n}(x, A)v(dx)=P_{\nu}(X_{n}\in A),$ $A\in \mathcal{B}(E)$ $\delta_{x}P^{n}=P_{x}^{n},$
$x\in E$ X




$d_{W_{1}}( \mu, v):=\inf\{\int_{E\cross E}d(x, y)\pi(dxdy) \pi\in\Pi(\mu, v)\},$
Date: December 18.
1855 2013 19-22 19
where $\Pi(\mu, v)$ $:=\{\pi\in \mathcal{P}(E\cross E)|\pi(A\cross E)=\mu(A),$ $\pi(E\cross B)=$
$\nu(B)$ for any $A,$ $B\in \mathcal{B}(E)\}$ .
$n$
Definition 1.1 ( Ollivier(09)) 2 $x,$ $y\in E$
$X$ n- $\kappa_{n}(x, y)$
$\kappa_{n}(x, y)$ $:=1- \frac{d_{W_{1}}(P_{x}^{n},P_{y}^{n})}{d(x,y)},$ $(x, y)\in E\cross E\backslash$ diag
$\kappa_{n}:=\inf\{\kappa_{n}(x, y)|(x, y)\in E\cross E\backslash d\dot{\ovalbox{\tt\small REJECT}}ag\}\in[-\infty, 1]$
$n=1$ $\kappa_{1}(x, y)$ (resp. $\kappa_{1}$ ) $\kappa(x, y)$ (resp. $\kappa$ )
Definition 1.2 ( ). $(Y, d_{Y})$ 2- 2
$\eta,$ $\gamma$ $p_{0}$ $\gamma$
$\eta$ $Po$ ( $\gamma\perp_{p0}\eta$ ) $x\in\gamma$
$y\in\eta$ $d_{Y}(x,p_{0})\leq d_{Y}(x, y)$
:
(B) $\gamma,$ $\eta$ $Po$ $\gamma\perp_{p0}\eta$
$\eta\perp_{p0}\gamma$
Definition 13 ( see Kendall(90)) $(Y, d_{Y})$
$q\geq 1$ $(Y, d_{Y})$ $q$ ( $(CG)_{q}$ )
$Y\cross Y$ $\Phi$ $C>0$
(1.1) $C^{-1}d_{Y}^{q}(x, y)\leq\Phi(x, y)\leq Cd_{Y}^{q}(x, y)$
$q>1$
diam$(Y)<\infty$
Definition 1.4 ( ). $p\geq 1$ $\mu\in \mathcal{P}(E)$
$(Y, d_{Y}),$ $E\cross E$ $\Phi$ $u\in$
$L^{p}(E, Y;\mu)$ $u$ $\Phi$ $P$ - $Var_{\mu}^{\Phi^{p}}(u)$
$Var_{\mu}^{\Phi^{p}}(u):=\inf_{y\in Y}\int_{E}\Phi^{p}(u(x), y)\mu(dx)(\leq\infty)$








Definition 1.5 ( ). $m\in \mathcal{P}(E)$ $m$-
$X$ $(Y, d_{Y})$ $u\in L^{2}(E, Y;m)$
$E(u):= \frac{1}{2}\int_{E}\int_{E}d_{Y}^{2}(u(y), u(x))P(x, dy)m(dx)$
$u$ X
2
$P\geq 1$ $m\in \mathcal{P}(E)$ $supp[m]=E$ $(E, d)$
(B) 2- $(Y, d_{Y})$ Lp- $u$
$Pu$ $P^{n}u$ $(Y, d_{Y})$ $u$ $P_{x}$ $u_{*}P_{x}^{n}$
Theorem 2.1 $(U(E, Y;m)/${const} $P$
). $m\in \mathcal{P}^{p}(E)$ $\kappa\in \mathbb{R}$ $(Y, d_{Y})$ (B)
2- $q\geq 1$ ( $CG$)q
$1\leq q<p<+\infty$ $0<p\vee 1<q$
(2.1) $\varliminf_{larrow\infty}(\sup_{u\in Lp(E,Y;m)}\frac{Var_{m}^{\Phi^{p}}(P^{\ell}u)}{Var_{m}^{\Phi p}(u)})^{\frac{1}{p\ell}}\leq\inf_{n\in \mathbb{N}}(1-\kappa_{n})^{\frac{1}{n}}\wedge 1,$
(2.2) $\varliminf_{\ellarrow\infty}(sup\frac{\overline{Var}_{m}^{\Phi^{p}}(P^{\ell}u)}{\overline{Var}_{m}^{\Phi^{p}}(u)})^{\frac{1}{p\ell}}\leq\inf_{n\in \mathbb{N}}(1-\kappa_{n})^{\frac{1}{n}}\wedge 1.$
$P^{\ell}u$ $P$ iteration $P(P(P(\cdot \cdot\cdot P(Pu)\cdots))$
$Y$
Theorem 2.2 ( $L^{2}$- ). $H$
$m\in \mathcal{P}^{2}(E)$ $\kappa\in \mathbb{R}$
$f\in L^{2}(E, H;m)$
(2.3) $1- \inf_{n\in \mathbb{N}}(1-\kappa_{n})^{\frac{1}{n}}\wedge 1\leq\frac{\mathcal{E}(f)}{Var_{m}(f)}\leq 1+\inf_{n\in \mathbb{N}}(1-\kappa_{n})^{\frac{1}{n}}\wedge 1.$
Theorem 2.3 ( $L^{p_{-}}$ ). $n\in \mathbb{N}$ $\kappa$ $>0$
$m\in \mathcal{P}^{p}(E)$ $\kappa\in \mathbb{R}$ $(Y, d_{Y})$ (B)
2- $q\geq 1$ ( $CG$)q
$1\leq q<p<+\infty$ $0<p\vee 1<q$
$u\in L^{p}(E, Y;m)$ $Pu=u$ m-a.e. on $E$ $u$
m-a. $e$ .
Theorem 2.4 (L2- ). $n\in \mathbb{N}$
$\kappa_{n}>0$ $m\in \mathcal{P}^{2}(E)$ $\kappa\in \mathbb{R}$ $(Y, d_{Y})$
(B) 2- $q\in[1,2]$
$(CG)_{q}$ $\epsilon\in$ ] $0,1-(1-\kappa_{n})^{\frac{1}{qn}}$ [
$\ell_{0}\in \mathbb{N}$
$\epsilon,$ $\kappa_{n},$ $(E, d, m, X)$ $(Y, d_{Y})$
$(1-(1-\kappa_{n})^{\frac{1}{qn}}-\epsilon)^{2}Var_{m}(u)\leq 72l_{0}^{2}E(u)$ $u\in L^{2}(E, Y;m)$
21
$(Y, d_{Y})$ $CAT(0)$ -
$\inf_{u\in L^{2}(E,Y;m)}\frac{E(u)}{Var_{m}(u)}\geq\frac{(1-(1-\kappa_{n})^{\frac{1}{n}}\wedge 1-\epsilon)^{2}}{8\ell_{0}^{2}}>0$
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